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Abstract Ñ When stud y ing informat ion, biol o-
gi sts and behavio ra l scien tists often eschew Shannon
entrop y. In stead, th ey commonly use a decision-
th eoret ic mea sure of th e value of information, on th e
ground s tha t Shann onÕsmeasure dra ws no distin ct ion
between useful and useless information. Here we show
th at these t wo m easures are in timat ely rel ated in th e
con text of bio log ical evol utio n. W e present a sim-
ple mo del of evol utio n in an uncerta in enviro nmen t,
and cal cu late t he increase in D arw in ian Þtness t hat is
mad e possible by information ab out th e envi ronm en-
tal state. Th is Þt ness in crease Ñ the Þtness valu e of
infor mation Ñ is a comp osite of both th e Shan non
entrop y and the decisi on- th eoret ic measure of in for-
mat ion value. Furtherm ore, the Shann on ent ro py of
th e envi ronm ent, which seemingly fails to tak e any-
th ing ab out D arw in ian Þtn ess in to accoun t , nonet he-
less imp oses an upp er bound on th e Þtness valu e of
info r mation.

I. I ntr oduction

Inform ati on appearsin almost every areaof biology Ñ from
the mati ng signals transmitted between the sexes, to envi ron-
mental cuesused by plants to adapt to their envi ronment , to
digital storage of informati on in the DNA. Nonetheless, infor-
mati on theoreti c measuressuch asShannon entropy or mutual
informati on are seldom used in many of the areas of biology
that aim to understand how organisms have evolved to deal
with information, including behavioral biology and evolut ion-
ary ecology.

The problem is that Shannon entropy and mutual infor-
mati on do not directl y address information quality; they do
not dist inguish between relevant and irrelevant informati on.
Thus decision theorists, economists, and behavioral biologists
typically measurethe value of information by its e!ect on ex-
pected payo! or expected Þtness [1, 2, 3, 4, 5].

DeÞn i tion: The value of infor mation associated
with a cue or signal X is deÞnedas the di! erence
between the maximum expected payo! or Þtness
that a decision-maker can obtain by conditi on-
ing on X and the maximum expected payo! that
could be obtained without conditi oning on X .

The dissonance between Shannon entropy and the value
of informati on has long puzzled biologists in general and the
authors of this paper in part icular. Shannon entropy (and
mutual information) appear to measureinformati on quant ity
whi le reßecting nothing about Þtnessconsequences;the value
of informati on measuresÞtness consequences but has noth-
ing to do with the actual length or informati on quant ity of
a message. What , if any, are the relati ons between them?
Inform ati on theori sts since Kel ly [7] have observed that in

special circumstances, informati on value and ShannonÕs mea-
sures may be related. Here we argue that these Òspecial cir-
cumstancesÓare exactl y those about which biologists should
be most concerned: the context of evoluti on by natural se-
lection. We address the quest ion Òhow much is informati on
wort h to living organisms?Ó and show that the answer com-
bines both Shannon entropy and the decision-theoreti c value
of informati on.

I I . A basic model

How should a biologist measure the cost of uncert ainty1

or the value of informati on? In biology, Darwi nian Þtness is
paramount : as a Þrst approximation, we expect the evolved
trai ts of organisms to increase the Þtness of those who exhibit
them. Thus when we look at biological adaptati ons for ac-
quiri ng or processing information, the relevant value of thi s
informati on is measured in the currency of Darwi nian Þtness.
Put simply, we want to know how the information e! ects Þt-
ness. The natural measure the ÒworthÓ of informati on to a
biological organism is the following: the Þtness value of in-
formation is the greatest Þtnessdecrement or cost that would
be favored by natural selection in exchange for the ability to
att ain the information.

We and others have previously demonst rated that like stock
brokers or habitual gamblers, biological organisms faced with
uncertain conditi ons are selected to behave as if they are con-
cerned with long-term growth rat es. Thus the Þtness value
of informati on to biological organisms is best measured in
terms of the consequences of thi s informati on on the long-term
growth rates of organismal lineages. These long-term growth
rates can be measured as the expected value of the logarithm
of the growth rat e in a single generation [9] (as opposedto the
expected value of the growth rate itself ).

To illustrat e theseresults and to develop an intui ti on about
the value of informati on in biological systems, consider the fol-
lowing simple model of organisms living in a variable envi ron-
ment 2. The environment has two possible states, state 1 and

1Num erous studies in popula tion ecology and genetics have
shown that Þtness and populat ion growth in uncertain environ -
ments depend on th e exact natu re of the uncertainty; they depend
both on the distribu tion of individu al reproductiv e successes,and on
th e correlation s in ind ividua l successes(reviewed in ref. [8]). One
can captu re this complexit y by distin guishing between two types
of uncertai nty or risk [9]. I diosyncr atic risk is independent of tha t
faced by oth er individu als, whereas aggregate r isk is perfectly cor-
related among individu als. For example, predation imposeslargely
idi osyncratic risk on a herd of herbiv ores, whereas drought imp oses
largely aggregate risk. In this paper, we focus exclusively on aggre-
gate risk. We wil l address mixed aggregate and id iosyncratic risk
in a subsequent report.

2Whil e this model or variants thereof appear commonly in the
biology litera ture, the inspirat ion for th is paper came largely from
J. L. Kell yÕsapplicat ion of informa tion theory to gamblin g problems



state 2, that occur with probabi lity p1, and p2 = 1! p1 respec-
ti vely. Al l individualsencounter exactl y the sameenvironment
in a given period. At the beginning of its development, each
organism makes an important developmental decision to adopt
one of two alternat ive physiologies or phenotypes: one suited
to envi ronment 1, or one suited to 2. The organism survives
to reproduce only if its physiology properly matches the de-
mands of the current environment. The organismÕs Þtness is
given by the following matri x:

Phenotype 1 Phenotype 2
Environment 1 w1 0
Environment 2 0 w2

What should theseindividuals do in the absenceof informa-
ti on about the conditi on of the envi ronment? In the short run,
individuals maximize expected Þtness by playing the highest-
payo! strat egy only. Thi s yields an expected single-generation
Þtnessof max[p1 w1, p2 w2].

But in the long run, playing only one strategy will in-
evitabl y lead to a year with zero Þtness and subsequent ex-
ti ncti on. Thus natural selection will favor not the short run
maximization above, but rather a maximizati on of long-term
Þtness. These organisms will be selected to hedge their bets
[9, 10], developing into phenotype 1 with some probability
and phenotype 2 otherwise. As the number of generat ions N
grows large, natural selection is overwhelmingly likely [9] to
favor the strat egy that maximizesthe growth rat e for typical
sequences[6], in which environment 1 occurs N p1 ti mes, and
environment 2 occurs N p2 ti mes. For a genotype that devel-
ops with probabi lity x into phenotype 1, the growth rate for
such a sequence of events will be (w1 x)N p1 (w2(1 ! x)) N p2

and the log of this growth rate will be maximized when
N (p1 log(w1x) + p2 log(w2(1 ! x)) ) is maximized. Thi s oc-
curs when p1/x = p2/ (1 ! x) or when x = p1. Thus for
almost all sequences of environments, the strat egy that de-
velops with probabi lity p1 into phenotype 1 will maximize
expected log growth rate and thus take over the popula-
ti on. For this st rategy, the expected log growth rat e will be
p1 log(w1p1) + p2 log(w2p2).

We have set up a simple biological model where uncert ainty
cri ti cally e! ects Darwinian Þtness. What is the Þtnessvalue
of information here? Supposethat individuals are able to de-
tect a cue that they can use to forecast (100% accurately) the
state of the envi ronment. In thi s case the organism will use
phenotype 1 in envi ronment 1, and phenotype 2 in envi ron-
ment 2. What is the Þtnessvalue of [being able to obtain] thi s
cue?

Fi rst , we can look at how the cue improves the short -
run expected Þtness. Wi th the cue, individuals can al-
ways develop the appropri ate phenotype for the envi ron-
ment, and obtain short-run expected Þtness p1w1 + p2w2.
Thus in the short run, the expected value of information is
p1w1 + p2w2 ! max[p1 w1, p2 w2] = min[p1 w1, p2 w2]. This is
exactl y the decision-theoreti c value of information.

[7]. In this section, we follow Cover and Tho masÕs(1991) presen-
ta tion; these aut hors o! er a parable about a sempite rnal gambler
who perpetually reinvests his entire winn ings at the horse track.
Th eir gamblin g story can be recast quite natu rally as a model of
organisms evolvin g by natu ral selection to match their physiolo-
gies to uncert ain enviro nmenta l conditio ns. In subsequent section s,
we extend th ese results to furth er explore our model of biological
evoluti on.

But natural selection will not maximize this quanti ty;
instead as discussed above it maximizes the expected log
growth rate. Wi thout the cue, expected log growth rate is
p1 log(p1w1) + p2 log(p2w2). With the cue it is p1 logw1 +
p2 log w2. The biological Þtness value of informati on Ñ
namely, the di! erence between log growth with and without
the cue Ñ is exactl y the Shannon entropy of the envi ronment
H = p1 log p1 + p2 logp2. The payo!s wi have dropped out.
For thi s very simple example, the Þtness value of informati on
has nothi ng to do with the Þtnessesobtained in di! erent en-
vi ronments, but instead depends exclusively on the Shannon
ent ropy3 of the system [7, 6].

I I I. Extend ing the model
Thus far we have been looking at a very special case in

which the Þtnessof the organism is zero when the wrong phe-
notype is adopted. A more realist ic model would allow the
possibility of non-zeroÞtness even when the organism develops
to the wrong phenotype. Let us now assume that an organ-
ism has to make a developmental decision between n possible
phenotypes, each of which is opti mally adapted to one of n
envi ronments. The environments occur with probabiliti es pi

and the Þtnessto phenotype j in envi ronment i is wij .
How should an organism respond? To maximize short-run

expected payo!, an organism should simply develop the phe-
notype with the highest expected Þtness. Expected Þtness

then will be E [w] = maxj

! "
i pi wij

#
.

What about long-term payo! ? Let us look at a strat egy
that produces phenotype i with probabi lity xi . The organism
will be selected to maximize the expected log growth rate for"

i x i = 1 so we want to Þnd the st rategy that maximizesthe
log growth rate

"
i pi log

"
j wij x j subject to the const raint

that
"

i x i = 1. The Lagrangian for this problem is

L (x1, x2, . . . , xn , ! ) =
$

i

pi log
$

j

wij x j ! !
%$

i

xi ! 1
&

(1)
Since the constraint functi on is a linear functi on, it imme-

diately satisÞesthe constraint qualiÞcation that the parti als
of the constraint functi on at the constrained maximizer are
not all zero. We maximize the Lagrangian by taki ng parti al
derivati ves and setting to zero. The parti als with respect to
xk yield a set of n equations:

"
" xk

' $

i

pi log
$

j

wij x j ! !
$

i

x i ] = 0 (2)

Assuming that W (t he matri x whose (i, j ) entry is wij ) is
inverti ble, we can wri te yi =

"
j wij x j , and V = W ! 1, so

that xj =
"

i vj i yi . Then we can solve

"
" yk

' $

i

pi log
$

j

yj ! !
$

ij

vj i yi

(
= 0 (3)

3More generally , we should replace th e Shannon entrop y of t he
environ ment wi th the mut ual in formati on between th e envir onment
and whatever cues are availab le. When the cues are perfectly ac-
curate, as in all the examples treated herein, these quantitie s are
ident ical. When they are not, mutual informa tion is the appropri -
ate measure. Kel ly [7] has shown th at imp erfect side inform ation
allows a gambler to increasehis earnings rate by exactly th e mutua l
inform ati on between the side inform atio n and th e actual outcome.
Similar ly, in our model the Þtness value of an imperfect cue wi ll be
exactly the mutua l inform ati on between cue and environm ent.



for all k, which gives for all k:

pk

yk
! !

$

j

vj k = 0 (4)

Now we can solve for the constraint
"

i x i = 1, which gives
! = 1 and thus we have yk = pk /

"
j vj k . Substituti ng thi s

into the equation for the log growth rate, to get the maximal
log growth rate, gives

$

i

pi log(
pi"
j vj i

) =
$

i

pi log(pi ) !
$

i

pi log(
$

j

vj i ) (5)

What are the values of informati on in each of these cases?
The log growth rate with a cue that reveals the exact en-

vi ronment is
"

i pi log(wii ), so that the value of the cue is

!
$

i

pi log(pi ) +
$

i

pi log(wii

$

j

vj i ) (6)

Thi s is exactly the Shannon ent ropy of the cue plus a linear
transform of the probabi lit ies pi . We note that thi s equation
holds only for interi or soluti ons where the organism develops
into all n phenotypes with positi ve probabi lity, i.e., when all
x i in (0, 1). Outside of thi s interi or, the Þtness value of in-
formati on will be otherwi se, as we will see in the following
secti on.

IV. Tw o il lustra tiv e exa mples
In thi s section, we consider a pair of examples in which the

Þtness of the organism is non-zero when it develops to the
ÒwrongÓphenotype. We start with a two-envi ronment, two-
phenotype example. Since the playershave no control over the
state of the envi ronment , we can study the decision-theoreti c
behavior of the players without loss of generality using the
following matri x where 1 > a > b:

Phenotype 1 Phenotype 2
Environment 1 1 b
Environment 2 a 1

If the player invests x in phenotype 1and 1! x in phenotype
2, her expected log growth rate will be p log[x + a(1 ! x)] +
(1 ! p) log[bx + (1 ! x)]. In the absenceof informati on about
which environmental state is realized, the choice of x" (p) that
maximizesexpected log growth given the probabi lity p of en-
vi ronment 1 is:

x" (p) =

)
*

+

0 for p " a(1 ! b)
1! a b

1 for p # 1! b
1! a b

p+ a b( 1! p) ! a
( 1! a)( 1! b) for a(1 ! b)

1! a b < p < 1! b
1! a b

(7)

If the player knows exactly the state of the envi ronment ,
she will match her phenotype to the environment always, for
an expected log growth rat e of log1 = 0. If she does not
know the state of the environment, her Þtness when following
strategy x" (p) will be:

)
,,,*

,,,+

p log[a] for p " a(1 ! b)
1! a b

(1 ! p) log[b] for p # 1! b
1! a b

(1 ! p) log[1 ! p] + p log[p]+
log[1 ! ab] ! (1 ! p) log[1 ! a]!
p log[1 ! b] Otherwi se

(8)

Since log growth is zero whenever the envi ronment is
known, the value of the informati on of a cue that reveals the
envi ronmental state is simply minus the payo! of the selected
strategy when the environment is unknown.

In the central region a(1 ! b)
1! a b < p < 1! b

1! a b , the Þtness value
of informati on is equal to the Shannon entropy of the envi ron-
ment plus a linear functi on of the probabi lity of each envi ron-
ment. Outside the range, when the opti mal strat egy invests
in only one of the phenotypes, the value of the cue is ! p log[a]
or ! (1 ! p) log[b]. Thi s value is exactly equal to the short run
value of information that one would get when maximizing the
Þtnessin one generation.

0.2 0.4 0.6 0.8 1
prob.

- 0.2

0.2

0.4

value

A

B
C

Fi gu re 1. The value of informati on as a functi on of envi -
ronmental probabiliti es p (heavy solid curve) is a composite
of three value functi ons: Curve (A) is the Shannon-like curve
(1 ! p) log[1 ! p] + p log[p] + log[1 ! ab] ! (1 ! p) log[1 ! a] !
p log[1! b]. Curves(B) and (C) are the linear functi ons p log[a]
and (1 ! p) log[b] respectively. Parameter values: a = 0.65,
b = 0.35.

Simple calculus reveals that the despite being composed of
a linear component and a logarithm ic component , the value
of informati on curve is not only cont inuous but also once con-
ti nuously di!eren ti able.

To get a bett er intui ti on of how the value of information
relates to the evolut ionarily opt imal strat egy in the absence
of informati on, we move to the case of 3 envi ronments that
occur with probabi lit ies p1, p2, and (1 ! p1 ! p2). Whi le the
pri nciples generalize to larger numbers of environments and
less-symmetri c payo!s, three symmet ri c envi ronments are far
easier to represent graphically than some of the more com-
plicated alternat ives. Thus we consider the following payo!s
structure where k > 1:

Phenotype 1 Phenotype 2 Phenotype 3
Env. 1 k 1 1
Env. 2 1 k 1
Env. 3 1 1 k

Using the approach sketched out above, we can compute
the fracti onal investment x1, x2, x3 in each stra tegy that max-
imizes long-term growth rate:

x1 = (p1(1 + w) ! p2 ! p3)/ (w ! 1)

x2 = (p2(1 + w) ! p1 ! p3)/ (w ! 1) (9)

x3 = (p3(1 + w) ! p1 ! p2)/ (w ! 1)
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Fi gu re 2. Fract ional investment in each strat egy in order
to maximize long-term growth rate, displayed on the simplex
p1 + p2 + p3 = 1. Each point on the t ri angle corresponds
to a set of envi ronmental probabiliti es { p1, p2, p3} equal to
where one corner represents (1, 0, 0), another (0, 1, 0), and the
thi rd (0, 0, 1). The height of the three surfaces at any point
indicates the fract ional investment in each st rategy at that
point. Heights greater than one require corresponding bets
against the other strategies; see text .

Here we have a curious sort of investm ent ; the gray surface
is the Óinvest zeroÓplane. When the colored surfacesdrop be-
low thi s, the player is e!ect ively Óbett ing againstÓthe occur-
rence of the corresponding envi ronment. This sort of invest-
ment may be feasible in a stock market or a horse race. But
these negative bets seemto lack a biological meaning. In bio-
logical situati ons, we do better to look at the const rained case
where the player can make only non-negative investments in
each phenotype. The solut ion above is then only reasonable in
the central region where all three bets are non-negative. This
area, which wewill call Region 1, is delimited by pi > 1/ (2+ w)
for all i = 1, 2, 3. Outside of Region 1, we will have to compute
opti mal bets subject to constra ints that no bet is negati ve. We
do this below.

When one environment is su" cient ly unl ikely but the other
two are common, an individual will invest in the phenotypes
corresponding to the two common environments but the rare
one. Thi s deÞnes three regions on the simplex given by the
tri o of inequalit ies pi < 1/ (2 + w), pj < pk w, and pk < pj w.
In these three areas which collectively we call Region 2, in-
vestment will be given by

xi = 0

xj = (pj w ! pk )/ (w ! 1) (10)

xk = (pk w ! pj )/ (w ! 1)

Finally, when two environments are su" cientl y rare, all invest-
ment will be in the common environment. Thi s occurs outside
of the areascovered by Regions 1 and 2, in three corner areas
which collecti vely we call Region 3.

Becauseof the di!eren t bett ing strat egies in each region,
the value of informati on in each region is computed by a dif-
ferent formula. We take these in turn.

In Region 1, by equati on (6), a cue that indicates the state
of the envi ronment increases the expected log growth rat e by

log[w/ (2 + w)] +
$

pi logpi (11)

Thi s is simply a constant plus the Shannon ent ropy of the
envi ronment .

In Region 2, let a be the phenotype never adopted by the
organism. Then the cue increasesthe expected growth rat e
by

log w !
$

i #= a

pi logpi ! (1 ! pa ) log[(1 + w)/ (1 ! pa )] (12)

In Region 3, let b be the phenotype always adopted by the
organism. The cue increasesexpected log growth rat e by

(1 ! pb) log w (13)

Thi s is simply the decision-theoreti c log value of informati on.
Putti ng these all together, we get the following surface:

Region 1 Region 2 Region 3

Fi gu re 3. The value of informati on asa funct ion of the proba-
bilit iesthat each environment occurs, for the symmet ri c three-
envi ronment scenario with w = 2, displayed on the simplex
p1 + p2 + p3 = 1.

Surpri singly, this Þtnessvalue of informati on surface seam-
lessly sews together a region described by the Shannon infor-
mati on (Region 1), a region described by the decision-theoreti c
value of informati on (Region 3), and an intermediate region
(Region 2). Comparing the height of the surface and the gra-
dients along the relevant edgeand point boundaries, calculus
reveals that thi s surface is again conti nuous and once con-
ti nuously di!eren ti able (but not twice conti nuously di! eren-
ti able) everywhere. The Þtness value of information incorpo-
rates both the Shannon measure and the decision-theoreti c
value Ñ and thro ugh the conti nuity of the corresponding re-
gions, we alsoseea fundamental connection between thesetwo
measures.

V. Bo undi ng the f it ness value of inf orma ti on

We can also show that the Þtness value of informati on is
bounded above by the Shannon entropy4. To do so, com-
pare the expected log growth rat e of individuals of two types.
Type A individuals receive a cue x with possible values
x1, x2, x3, . . . , xn drawn from a dist ri but ion with probabi lity
functi on P(x) and ent ropy H (x). Each individual then maxi-
mizesexpected log growth rate by following some investm ent
strategy s(x) that setshow to invest in the variousphenotypes,
given the receipt of cue x.

4As before, th is result can be extended to replace Shannon en-
tro py with mutual inform atio n between cue and envir onment



Type B individuals do not receive this cue. Instead, they
follow the betti ng st rategy r =

"
x P (x)s(x), thereby em-

ploying a probabi lity-matching mixture of the various s(x)
strategies used by Type A individuals.

Represent the Þtness of an individual using strat egy s(y)
when the cue was x by w(s(y)|x). The expected log growth
rate for Type A individuals is then

øwA =
$

x

P(x) log[w(s(x)|x)]. (14)

The expected log growth rat e for Type B individuals is

øwB =
$

x

P(x) log
! $

y

P (y)w(s(y)|x)
#
. (15)

Since Þtnesses are non-negati ve, the w(s(y)|x) terms in the
summati on above must be at least zero even for y $= x, and
therefore

øwB #
$

x

P(x) log[P (x)w(s(x)|x)]

=
$

x

P(x) log[w(s(x)|x)] +
$

x

P(x) log P(x)

= øwA ! H (x). (16)

Thus the Þtnessvalue of informati on is at most equal to the
Shannon entropy of the cue, irr espective of the actual Þtness
payo!s w.

VI . Co nclusions
In thi s paper we have shown that two measures of infor-

mati on, Shannon ent ropy and the decision-theory value of
informati on, are united into one single information measure
when one looks at the st rategies that natura l selection will
favor, namely those that maximize the long term growth rat e
of biological organisms. Furtherm ore, we have shown that in
evolving biological systems, the Þtness value of informati on is
bounded above by the Shannon ent ropy. These results suggest
a close relati onship between biological concepts of Darwinian
Þtness and informati on-theoreti c measures such as Shannon
ent ropy or mutual informati on.

These results also suggest that biologists will be able to
make valuable use of informati on theory in studyi ng the evo-
lut ion of communicati on. Even before knowing what a biolog-
ical signal means, how it is used, or what the Þtnessstruct ure
of the environment may be, we have shown that one can place
an upper bound on the Þtnessconsequencesof responding to
that signal, simply by measuri ng the informati on content of
the signalling channel.

Ack nowl edgments

Thi s work was supported in part by a UW RRF award to
CB. The authors thank David Park for help in producing the
Þgures.

Ref erences
[1] L. J. Savage. The Foundat ions of Statist ics. Wiley , New York,

1954.

[2] I . J. Good. On the princ iple of t otal evidence. Brit ish Journal
for the Philosophy of Science, 17:319Ð321, 1966.

[3] J. P. Gould. Risk, stochastic preference, and the value of in for-
mation . Jour nal of Economic Theory , 8:64Ð84, 1974.

[4] D. W. Stephens. Variance and th e value of in format ion. Amer-
ican Natur alist , 134(1):128Ð140, 1989.

[5] F. P Ramsey. Weight or value of knowledge. The British Jour-
nal for the Phi losophy of Science, 41:1Ð4, 1990). Published
posthumously from personal notes.

[6] T. M. Cover and J. A. T homas. Elements of Infor mat ion The-
ory. John Wiley and Sons, New York, 1991.

[7] J. L. Kelly . A new interp retat ion of in format ion rate. Bel l
Systems Technical Jour nal, 35:917Ð926, 1956.

[8] J. Yoshimura and V. A . A . Jansen. Evolution and popula-
tio n dynam ics in stochastic enviro nments. Res. Popul. Ecol.,
38(2):165Ð182, 1996.

[9] A . J. Robson, C. T . Bergstrom, and J. K. Pritc hard . Risky
business: Sexual and asexual reproductio n in variable enviro n-
ments. Jour nal of T heoretical Bio logy, 197:541Ð556, 1999.

[10] Seger and Br ockmann. What is bet-hedging? Oxfor d Surveys
in Evolut ionary Biolo gy, 4:182Ð211, 1987.


